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Outline
• The story of neutrinos and Large Scale Structure is basically 

about the sum of neutrino masses (where LSS means ~tracers 
of large scale density fluctuations other than the CMB) 


• Currently, Baryonic Acoustic Oscillation (BAO) distance 
measurements are important, probing the effect of neutrino 
mass on the background evolution. 


• In the future, measurements of the suppression of structure 
formation by neutrino free streaming will dominate (measured 
by redshift space distortions and gravitational lensing).


• All in the context of critical CMB constraints.
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Fig. 5. Evolution of the background densities from the time when T! = 1 MeV (soon after neutrino decoupling) until now, for each component of
a flat "MDM model with h = 0.7 and current density fractions #" = 0.70, #b = 0.05, #! = 0.0013 and #cdm = 1 − #" − #b − #!. The three
neutrino masses are distributed according to the Normal Hierarchy scheme (see Section 2) with m1 = 0, m2 = 0.009 eV and m3 = 0.05 eV. On the
left plot we show the densities to the power 1/4 (in eV units) as a function of the scale factor. On the right plot, we display the evolution of the
density fractions (i.e., the densities in units of the critical density). We also show on the top axis the neutrino temperature (on the left in eV, and on
the right in Kelvin units). The density of the neutrino mass states !2 and !3 is clearly enhanced once they become non-relativistic. On the left plot,
we also display the characteristic times for the end of BBN and for photon decoupling or recombination.

(2) remains small everywhere, so that the differences between true quantities and spatial averages are still small
perturbations,

gives a new set of perturbations (new equations of evolution, new initial conditions), although the physical quantities
(i.e., the total ones) are the same. This ambiguity is called the gauge freedom in the context of relativistic perturbation
theory.

Of course, using a linear perturbation theory is only possible when there exists at least one system of coordinates
in which the Universe looks approximately homogeneous. We know that this is the case at least until the time of
photon decoupling: in some reference frames, the CMB anisotropies do appear as small perturbations. It is a necessary
condition for using linear theory to be in such a frame; however, this condition is vague and leaves a lot of gauge
freedom, i.e. many possible ways to slice the spacetime into hypersurfaces of simultaneity.

We can also notice that the definition of hypersurfaces of simultaneity is not ambiguous at small distances, as long
as different observers can exchange light signals in order to synchronize their clocks. Intuitively, we see that the gauge
freedom is an infrared problem, since on very large distances (larger than the Hubble distance) the word “simultaneous”
does not have a clear meaning. The fact that the gauge ambiguity is only present on large scales emerges naturally from
the mathematical framework describing gauge transformations.

Formally, a gauge transformation is described by a quadrivector field ϵ$(x, t) (see e.g. Ref. [73]). When the latter
is infinitesimal, the Lorentz scalars, vectors and tensors describing the perturbations are shifted by the Lie derivative
along ϵ,

%A$!...(x, t) → %A$!...(x, t) + Lϵ[%A$!...(x, t)]. (24)

Since there are four degrees of freedom (d.o.f.) in this transformation—the four components of ϵ$—we see that among
the ten d.o.f. of the perturbed Einstein equation %G$! = 8&G%T$!, four represent gauge modes, and six represent
physical degrees of freedom.

In addition, it can be shown that this equation contains three decoupled sectors. In other words, when the metric and
the energy–momentum tensor are parametrized in an adequate way, the ten equations can be decomposed into three
systems independent of each other:

(1) four equations relate four scalars in the perturbed metric %g$! to four scalars in %T$!,
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Figure 1: Degenerate masses (green) vs. non-degenerate (red), given the current mass-
squared di↵erence measurements from Table 5. Each line shows the mass of one of the
neutrinos, plotted as a function of the sum of masses in each case (in the degenerate case
the two most massive neutrinos have almost indistinguishable mass on this plot). The gray
band shows a hypothetical measurement we might make of the sum of masses, which would
in this case rule out the inverted hierarchy.

For masses near the lower limit, the neutrinos are relativistic at the time of CMB165

last scattering.166
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along ϵ,
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Since there are four degrees of freedom (d.o.f.) in this transformation—the four components of ϵ$—we see that among
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In addition, it can be shown that this equation contains three decoupled sectors. In other words, when the metric and
the energy–momentum tensor are parametrized in an adequate way, the ten equations can be decomposed into three
systems independent of each other:

(1) four equations relate four scalars in the perturbed metric %g$! to four scalars in %T$!,

1

Densities vs. time
Decoupling M-R equality

CMB lss

= expansion factor

3 Statistical Measurement of the HierarchyDD116

4 Cosmology PMcD117

[PM: This is not intended to be finished.]118

4.1 Summary119

For realistically achievable precision, cosmological measurements can only determine120

the sum of neutrino masses. In the case where the hierarchy is normal with a sum of121

masses near the minimum, i.e., a sum of masses ⇠ 57 meV, decisive evidence for this122

should accumulate through the 2020’s as expected large-scale structure/gravitational123

lensing experiments including Euclid, LSST, MS-DESI(BigBOSS), etc. come online.124

However, if the sum of masses is at all above the minimum, it quickly becomes impos-125

sible to distinguish the normal from inverted hierarchy. This situation is illustrated in126

Figure 1. The minimal mass normal hierarchy is distinguishable because the minimum127

total mass in the inverted hierarchy is ⇠ 105 meV, so if for example ⇠ 60± 10 is mea-128

sured the inverted hierarchy can be ruled out, but if, e.g., ⇠ 100± 10 is measured we129

would not be able to tell the di↵erence between the two hierarchy cases. Fortunately,130

the relevant experiments are primarily motivated by dark energy studies, which have131

similar design and analysis requirements, so they will happen independent of neutrino132

science considerations.133

4.2 Introduction134

Future cosmology measurements should definitely detect the suppression of large-scale135

clustering due to the free-streaming of massive neutrinos. At late times they contribute136

to the background evolution of the Universe in the same way as cold dark matter137

(because their velocities are no longer large enough for their pressure to be significant),138

however, below their free-streaming scale structure in the neutrinos has been erased, so139

perturbations have a deficit of gravitational potential relative to what they would have140

for pure cold dark matter. Figure 2 shows the ratio of power for ⌃m⌫ = 0.105 eV to141

⌃m⌫ = 0.057 eV. Note that the suppression is largely accumulated from the past – the142

current velocities of the neutrinos shouldn’t be ignored for detailed calculations, but143

the ongoing suppression across the low redshift observable range is not the dominant144

e↵ect. Note that the fact that the massive neutrinos are missing from the radiation145

density at late times is irrelevant to the background evolution, as this radiation density146

is insignificant in any case.147

[PM: Following are basically a collection of notes that need to be organized.]148

Neutrinos with mass . 1 eV decouple while still relativistic, which means they have149

standard number density and their late-time energy density is simply this number times150

their mass [1].151

At late times and not too small masses (while you can ignore relativistic corrections152

to p = mv), vrms ' 3173 (1+z) (0.057 eV/m⌫) km s�1 (based on temperature 1.945 K).153

The neutrinos become non-relativistic when this vrms ⇠ c, i.e., znr ⇠ 94 (m⌫/0.057 eV).154

Above this redshift, the Universe was evolving as if it had slightly lower non-relativistic155
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matter density than low-z measured ⇢m would suggest, and radiation density given by156

all standard model species.157
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The current best measurements from cosmology are by the Planck cosmic microwave159

background (CMB) satellite combined with galaxy clustering baryonic acoustic oscilla-160

tion (BAO) distance scale measurements [2], and [3] from earlier CMB data combined161

with measurements of the power spectrum of absorption in quasar spectra by dark162

matter-tracing gas in the intergalactic medium (Ly↵ forest), both finding 95% confi-163

dence upper limits ⇠ 20 meV.164
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Figure 1: Degenerate masses (green) vs. non-degenerate (red), given the current mass-
squared di↵erence measurements from Table 5. Each line shows the mass of one of the
neutrinos, plotted as a function of the sum of masses in each case (in the degenerate case
the two most massive neutrinos have almost indistinguishable mass on this plot). The gray
band shows a hypothetical measurement we might make of the sum of masses, which would
in this case rule out the inverted hierarchy.
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Sum of masses vs. hierarchy
•Key fact:  Late time 
clustering basically only 
measures the sum of 
neutrino masses.
•Minimum sum of masses:

-normal: 59 meV
-inverted: 100 meV 

•LSS might be able to 
identify a minimal mass 
normal hierarchy. 

Normal Inverted



LSS basics
(SDSS)

δ(x) =
ρ(x) − ρ̄

ρ̄

Density fluctuations relative to mean:

8

Appendix A: Talk Equations

⇠(r) ⌘ FT[P (k)]Correlation function:

Power spectrum:

matter density than low-z measured ⇢m would suggest, and radiation density given by156

all standard model species.157
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with measurements of the power spectrum of absorption in quasar spectra by dark161
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Figure 1: Degenerate masses (green) vs. non-degenerate (red), given the current mass-
squared di↵erence measurements from Table 5. Each line shows the mass of one of the
neutrinos, plotted as a function of the sum of masses in each case (in the degenerate case
the two most massive neutrinos have almost indistinguishable mass on this plot). The gray
band shows a hypothetical measurement we might make of the sum of masses, which would
in this case rule out the inverted hierarchy.

For masses near the lower limit, the neutrinos are relativistic at the time of CMB165

last scattering.166

Note that measuring a sum of masses much greater than the minimum does not167

necessarily even rule out the normal hierarchy with minimal total mass of the three168

standard model neutrinos, if one is willing to consider an additional similarly light169
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LSS Basics

Pinflation(k) = A

�
k

k⇥

⇥ns+ 1
2�s ln( k

k�
)+...

Initial fluctuations from inflation:
8

Appendix A: Talk Equations

⇠(r) ⌘ FT[P (k)]
�i = Ti(k, z)�0Linear evolution:

Non-linearity disconnects small scales from initial conditions / background Universe

Large scale observables, perturbative bias:

8

Appendix A: Talk Equations

⇠(r) ⌘ FT[P (k)]
�i = Ti(k, z)�0
�g = bg� + ✏g + ...

(infinite papers including McDonald & Roy 2009)

(CAMB, CLASS)



Barion Acoustic 
Oscillations

(Daniel Eisenstein)

Planck Collaboration: Cosmological parameters

0

1000

2000

3000

4000

5000

6000

D
T

T
�

[µ
K

2
]

30 500 1000 1500 2000 2500
�

-60
-30
0
30
60

�
D

T
T

�

2 10
-600

-300

0

300

600

Fig. 1. Planck 2018 temperature power spectrum. At multipoles ` � 30 we show the frequency-coadded temperature spectrum
computed from the Plik cross-half-mission likelihood, with foreground and other nuisance parameters fixed to a best fit assuming
the base-⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum estimates from the Commander
component-separation algorithm, computed over 86 % of the sky. The base-⇤CDM theoretical spectrum best fit to the Planck

TT,TE,EE+lowE+lensing likelihoods is plotted in light blue in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� diagonal uncertainties, including cosmic variance (approximated as Gaussian) and not
including uncertainties in the foreground model at ` � 30. Note that the vertical scale changes at ` = 30, where the horizontal axis
switches from logarithmic to linear.

the best-fit temperature data alone, assuming the base-⇤CDM
model, adding the beam-leakage model and fixing the Galactic
dust amplitudes to the central values of the priors obtained from
using the 353-GHz maps. This is clearly a model-dependent pro-
cedure, but given that we fit over a restricted range of multipoles,
where the TT spectra are measured to cosmic variance, the re-
sulting polarization calibrations are insensitive to small changes
in the underlying cosmological model.

In principle, the polarization e�ciencies found by fitting the
T E spectra should be consistent with those obtained from EE.
However, the polarization e�ciency at 143 ⇥ 143, c

EE

143, derived
from the EE spectrum is about 2� lower than that derived from
T E (where the � is the uncertainty of the T E estimate, of the
order of 0.02). This di↵erence may be a statistical fluctuation or
it could be a sign of residual systematics that project onto cali-
bration parameters di↵erently in EE and T E. We have investi-
gated ways of correcting for e↵ective polarization e�ciencies:
adopting the estimates from EE (which are about a factor of
2 more precise than T E) for both the T E and EE spectra (we
call this the “map-based” approach); or applying independent

estimates from T E and EE (the “spectrum-based” approach). In
the baseline Plik likelihood we use the map-based approach,
with the polarization e�ciencies fixed to the e�ciencies ob-
tained from the fits on EE:

⇣
c

EE

100

⌘
EE fit

= 1.021;
⇣
c

EE

143

⌘
EE fit

=

0.966; and
⇣
c

EE

217

⌘
EE fit

= 1.040. The CamSpec likelihood, de-
scribed in the next section, uses spectrum-based e↵ective polar-
ization e�ciency corrections, leaving an overall temperature-to-
polarization calibration free to vary within a specified prior.

The use of spectrum-based polarization e�ciency estimates
(which essentially di↵ers by applying to EE the e�ciencies
given above, and to T E the e�ciencies obtained fitting the T E

spectra,
⇣
c

EE

100

⌘
TE fit

= 1.04,
⇣
c

EE

143

⌘
TE fit

= 1.0, and
⇣
c

EE

217

⌘
TE fit

=

1.02), also has a small, but non-negligible impact on cosmo-
logical parameters. For example, for the ⇤CDM model, fitting
the Plik TT,TE,EE+lowE likelihood, using spectrum-based po-
larization e�ciencies, we find small shifts in the base-⇤CDM
parameters compared with ignoring spectrum-based polariza-
tion e�ciency corrections entirely; the largest of these shifts
are +0.5� in !b, +0.1� in !c, and +0.3� in ns (to be com-

7

(Planck 2018)
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Appendix A: Talk Equations

⇠(r) ⌘ FT[P (k)]
�i = Ti(k, z)�0
�g = bg� + ✏g + ...
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CMB fixes standard ruler:

Sound speed:
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rdrag = 147.18± 0.29 Mpc
Fixed !b, !c, ✓s
Fixed !cb⌫ , !b, ⌦⇤

CMB measures Ase
�2⌧ very precisely.

H
2
flat(z) / ⇢�(z) + ⇢c(z) + ⇢b(z) + ⇢⇤ + ⇢⌫(z) (A3)

c
2
s
=

@p

@⇢
=

c
2

3

✓
1 +

3⇢b
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cs(z)

H(z)
(A5)Sound horizon:
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(movie by Daniel Eisenstein using CMBFast from Seljak & Zaldarriaga)

Fluctuations are linear, so the random field result is a 
superposition of these solutions.
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Figure 3. BAO signals in the measured post-reconstruction power spectrum (left-hand panels) and correlation function (right-hand panels) and predictions of
the best-fitting BAO models (curves). To isolate the BAO in the monopole of both the power spectrum and the correlation function (top panels), predictions of
a smooth model with the best-fitting cosmological parameters but no BAO feature have been subtracted. For the power spectrum, we have additionally divided
by the same smooth model. To isolate the BAO in the monopole of both the power spectrum and the correlation function (top panels), predictions of a smooth
model with the best-fitting cosmological parameters but no BAO feature have been subtracted. For the power spectrum, we have additionally divided by the
same smooth model. For clarity, vertical offsets of ±0.15 (power spectrum) and ±0.004 (correlation function) have been added to the points and curves for
the high- and low-redshift bins, while the intermediate-redshift bin is unshifted. For the quadrupole (middle panels), we subtract the quadrupole of the smooth
model power spectrum, and for the correlation function we subtract the quadrupole of a model that has the same parameters as the best fit but with ϵ = 0. If
reconstruction were perfect and the fiducial model were exactly correct, the curves and points in these panels would be flat; oscillations in the model curves
indicate best-fitting ϵ ̸= 0. The bottom panels show the measurements for the 0.4 < z < 0.6 redshift bin decomposed into the component of the separations
transverse to and along the line of sight, based on x(p, µ) = x0(p) + L2(µ)x2(p), where x represents either s2 multiplied by the correlation function or the BAO
component power spectrum displayed in the upper panels, p represents either the separation or the Fourier mode, L2 is the second-order Legendre polynomial,
p|| = µp, and p ⊥ =

√
p2 − µ2p2.
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Table 3. Minimum �2 values fitting the SPTpol spectra to the best-fit Planck and SPTpol ⇤CDM cosmologies (as described in
the text). Nb gives the number of band powers in each spectrum. The deviation of �2

min from the expectation h�2
mini = Ndof is given

by the columns labelled N�, where N� = (�2
min � Ndof)/

p
2Ndof , and Ndof = Nb � 8. The last two columns give �2

p for parameter
di↵erences (Eq. 25) and the associated PTEs.

Planck cosmology SPT cosmology

SPTpol spectrum Nb �2
min N� �2

min N� �2
p

PTE

T E + EE . . . . . . . . . . . . . . . . . . . . 112 146.1 2.91 137.4 2.31 9.85 0.08
T E . . . . . . . . . . . . . . . . . . . . . . . . . 56 71.4 2.38 70.3 2.27 3.38 0.64
EE . . . . . . . . . . . . . . . . . . . . . . . . . 56 67.3 1.96 61.4 1.37 8.21 0.15

where Cp is the covariance matrix for SPTpol parameters (we
neglect the errors in the Planck parameters, which are much
smaller). Values for �2

p
are given in Table 3 together with prob-

abilities to exceed (PTEs) computed from a �2 distribution with
five degrees of freedom. We find no evidence for any statisti-
cally significant inconsistency between the two sets of parame-
ters, even for the combined T E+EE SPTpol likelihood. We also
note that the parameter Ase

�2⌧ makes quite a large contribution to
�2

p
for the T E + EE and EE spectra, but is sensitive to possible

systematic errors in the SPTpol polarization e�ciency calibra-
tion (Henning et al. 2017, which, as discussed, is not well under-
stood). Varying the maximum multipole used in the SPTpol like-
lihood (`max), we find that the parameters of the SPTpol T E+EE

cosmology converge by `max = 2500; higher multipoles do not
contribute significantly to the SPTpol base-⇤CDM solution.

Henning et al. (2017) reported a trend for the parameters
of the base-⇤CDM cosmology to change as the SPTpol like-
lihood is extended to higher multipoles, which they suggested
may be an indication of new physics. However, this e↵ect is not
of high statistical significance and cannot be tested by the Planck

spectra, which become less sensitive than the SPTpol spectra
at multipoles >⇠ 1500. The consistency of the base-⇤CDM cos-
mology at high multipoles in polarization should become clearer
in the near future as more polarization data are accumulated by
ACTPol and SPTpol.

5. Comparison with other astrophysical data sets

5.1. Baryon acoustic oscillations

As in PCP13 and PCP15 baryon acoustic oscillation (BAO)
measurements from galaxy redshift surveys are used as the pri-
mary non-CMB astrophysical data set in this paper. The acous-
tic scale measured by BAOs, at around 147 Mpc, is much larger
than the scale of virialized structures. This separation of scales
makes BAO measurements insensitive to nonlinear physics, pro-
viding a robust geometrical test of cosmology. It is for this rea-
son that BAO measurements are given high weight compared
to other non-CMB data in this and in previous Planck papers.
BAO features in the galaxy power spectrum were first detected
by Cole et al. (2005) and Eisenstein et al. (2005). Since their dis-
covery, BAO measurements have improved in accuracy via a
number of ambitious galaxy surveys. As demonstrated in PCP13
and PCP15 BAO results from galaxy surveys have been consis-
tently in excellent agreement with the best-fit base-⇤CDM cos-
mology inferred from Planck. More recently, the redshift reach
of BAO measurements has been increased using quasar redshift
surveys and Lyman-↵ absorption lines detected in quasar spec-
tra.
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Fig. 11. Acoustic-scale distance measurements divided by the
corresponding mean distance ratio from Planck TT,TE,EE
+lowE+lensing in the base-⇤CDM model. The points, with
their 1� error bars are as follows: green star, 6dFGS
(Beutler et al. 2011); magenta square, SDSS MGS (Ross et al.
2015); red triangles, BOSS DR12 (Alam et al. 2017); small
blue circles, WiggleZ (as analysed by Kazin et al. 2014);
large dark blue triangle, DES (DES Collaboration 2017c); cyan
cross, DR14 LRG (Bautista et al. 2017b); red circle, SDSS
quasars (Ata et al. 2017); and orange hexagon, BOSS Lyman-
↵ (du Mas des Bourboux et al. 2017). The green point with ma-
genta dashed line is the 6dFGS and MGS joint analysis result
of Carter et al. (2018). All ratios are for the averaged distance
DV(z), except for DES and BOSS Lyman-↵, where the ratio plot-
ted is DM (results for H(z) are shown separately in Fig. 16). The
grey bands show the 68 % and 95 % confidence ranges allowed
for the ratio DV(z)/rdrag by Planck TT,TE,EE+lowE+lensing
(bands for DM/rdrag are very similar).

Figure 11 summarizes the latest BAO results, updating fig-
ure 14 of PCP15. This plot shows the acoustic-scale distance
ratio DV(z)/rdrag measured from surveys with e↵ective redshift
z, divided by the mean acoustic-scale ratio in the base-⇤CDM
cosmology using Planck TT,TE,EE+lowE+lensing. Here rdrag is
the comoving sound horizon at the end of the baryon drag epoch
and DV is a combination of the comoving angular diameter dis-
tance DM(z) and Hubble parameter H(z):

DV(z) =
"
D

2
M(z)

cz

H(z)

#1/3
. (26)

21

(Planck 2018 compilation, arXiv:1807.06209) (BOSS 2017, Alam et al., Beutler et al.)
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if we add CMB lensing, since the lensing measurements restrict
the lensing amplitude to values closer to those expected in base
⇤CDM.

The combination of the acoustic scale measured by the CMB
(✓MC) and BAO data is su�cient to largely determine the back-
ground geometry in the ⇤CDM+

P
m⌫ model, since the lower-

redshift BAO data break the geometric degeneracy. Combining
BAO data with the CMB lensing reconstruction power spectrum
(with priors on ⌦bh

2 and ns, following PL2015), the neutrino
mass can also be constrained to be
X

m⌫ < 0.60 eV (95 %, Planck lensing+BAO+✓MC). (61)

This number is consistent with the tighter constraints using the
CMB power spectra, and almost independent of lensing e↵ects
in the CMB spectra; it would hold even if the AL tension dis-
cussed in Sect. 6.2 were interpreted as a sign of unknown resid-
ual systematics. Since the constraint from the CMB power spec-
tra is strongly limited by the geometrical degeneracy, adding
BAO data to the Planck likelihood significantly tightens the neu-
trino mass constraints. Without CMB lensing we find

X
m⌫ < 0.16 eV (95 %, Planck TT+lowE+BAO), (62a)

X
m⌫ < 0.13 eV (95 %, Planck TT,TE,EE+lowE

+BAO), (62b)

and combining with lensing the limits further tighten to

X
m⌫ < 0.13 eV (95 %, Planck TT+lowE+lensing

+BAO), (63a)

X
m⌫ < 0.12 eV (95 %, Planck TT,TE,EE+lowE

+lensing+BAO). (63b)

These combined constraints are almost immune to high-` po-
larization modelling uncertainties, with the CamSpec likelihood
giving the 95 % limit

P
m⌫ < 0.13 eV for Planck TT,TE,EE

+lowE+lensing+BAO.
Adding the Pantheon SNe data marginally tightens the bound

to
P

m⌫ < 0.11 eV (95 %, Planck TT,TE,EE+lowE+lensing
+BAO+Pantheon). In contrast the full DES 1-year data prefer a
slightly lower �8 value than the Planck ⇤CDM best fit, so DES
slightly favours higher neutrino masses, relaxing the bound toP

m⌫ < 0.14 eV (95 %, Planck TT,TE,EE+lowE+lensing+BAO
+DES).

Increasing the neutrino mass leads to lower values of H0, and
hence aggravates the tension with the distance-ladder determina-
tion of Riess et al. (2018a, see Fig. 34). Adding the Riess et al.
(2018a) H0 measurement to Planck will therefore give even
tighter neutrino mass constraints (see the parameter tables in the
PLA), but such constraints should be interpreted cautiously until
the Hubble tension is better understood.

The remarkably tight constraints using CMB and BAO data
are comparable with the latest bounds from combining with
Ly↵ forest data (Palanque-Delabrouille et al. 2015; Yèche et al.
2017). Although Ly↵ is a more direct probe of the neutrino mass
(in the sense that it is sensitive to the matter power spectrum on
scales where the suppression caused by neutrinos is expected
to be significant) the measurements are substantially more dif-
ficult to model and interpret than the CMB and BAO data. Our
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Fig. 34. Samples from Planck TT,TE,EE+lowE chains in theP
m⌫–H0 plane, colour-coded by �8. Solid black contours

show the constraints from Planck TT,TE,EE+lowE+lensing,
while dashed blue lines show the joint constraint from Planck

TT,TE,EE+lowE+lensing+BAO, and the dashed green lines ad-
ditionally marginalize over Ne↵ . The grey band on the left shows
the region with

P
m⌫ < 0.056 eV ruled out by neutrino oscilla-

tion experiments. Mass splittings observed in neutrino oscilla-
tion experiments also imply that the region left of the dotted ver-
tical line can only be a normal hierarchy (NH), while the region
to the right could be either the normal hierarchy or an inverted
hierarchy (IH).

95 % limit of
P

m⌫ < 0.12 eV starts to put pressure on the in-
verted mass hierarchy (which requires

P
m⌫ >⇠ 0.1 eV) indepen-

dently of Ly↵ data. This is consistent with constraints from neu-
trino laboratory experiments which also slightly prefer the nor-
mal hierarchy at 2–3� (Adamson et al. 2017; Abe et al. 2018;
Capozzi et al. 2018).

7.5.2. Effective number of relativistic species

New light particles appear in many extensions of the Standard
Model of particle physics. Additional dark relativistic degrees
of freedom are usually parameterized by Ne↵ , defined so that
the total relativistic energy density well after electron-positron
annihilation is given by

⇢rad = Ne↵
7
8

 
4

11

!4/3

⇢�. (64)

The standard cosmological model has Ne↵ ⇡ 3.046, slightly
larger than 3 since the three standard model neutrinos were
not completely decoupled at electron-positron annihilation
(Mangano et al. 2002; de Salas & Pastor 2016).

We can treat any additional massless particles produced well
before recombination (that neither interact nor decay) as simply
an additional contribution to Ne↵ . Any species that was initially
in thermal equilibrium with the Standard Model particles pro-
duces a �Ne↵ (⌘ Ne↵ � 3.046) that depends only on the number
of degrees of freedom and decoupling temperature. Using con-
servation of entropy, fully thermalized relics with g degrees of
freedom contribute

�Ne↵ = g

"
43

4 gs

#4/3

⇥

(
4/7 boson,
1/2 fermion, (65)
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Model: ⇤CDM +
P

m⌫

Dataset
P

m⌫ (95% C.L.)
TTTEEE + BAO + ⌧0p055 < 0.124 eV
TTTEEE + BAO + FS + ⌧0p055 < 0.133 eV
TTTEEE + BAO + PAN + ⌧0p055 < 0.118 eV
TTTEEE + BAO - MGS + PAN + ⌧0p055 < 0.113 eV
TTTEEE + BAO + FS + PAN + ⌧0p055 < 0.123 eV
TTTEEE + BAO + SZ + ⌧0p055 < 0.136 eV
TTTEEE + BAO + PAN + SZ + ⌧0p055 < 0.131 eV
TTTEEE + lowP + R16 < 0.125 eV
TTTEEE + BAO + PAN + R16 + ⌧0p055 < 0.091 eV
TTTEEE + BAO - MGS + PAN + R16 + ⌧0p055 < 0.089 eV
TTTEEE + BAO + FS + PAN + R16 + ⌧0p055 < 0.098 eV

Table 5. 95% C.L. upper bounds on sum of three active neutrino masses in the degenerate case, in
the backdrop of ⇤CDM +

P
m⌫ model for the given datasets. This is same as table 4 but including

the high-l polarization data of Planck 2015. Details about models and datasets are given in section 2
and section 3 respectively.

and ⌧ = 0.060+0.08

�0.09
for TTTEEE+BAO+⌧0p055. We emphasize here again that this use

of the prior ⌧0p055 is well motivated in the sense that, as Planck Collaboration [54] has
mentioned in their paper, (1) it is the most accurate bound we currently have on ⌧ ; (2) such
a small value of ⌧ also fully agrees with other astrophysical measurements of reionization
from high redshift sources. For ⇤CDM +

P
m⌫ , our tightest bound (except when we remove

the MGS data from BAO) without any H0 prior comes from addition of the PAN data.
TTTEEE+BAO+PAN+⌧0p055 gives a bound of

P
m⌫ < 0.118 eV, whereas without the

high-l polarization data, we achieved
P

m⌫ < 0.152 eV. This is one of our main results in
this paper, and one of the strongest bounds in literature available presently without the use
of any H0 prior.

X
m⌫ < 0.152 eV (95%) (TT+BAO+ PAN+ ⌧0p055), (4.4a)

X
m⌫ < 0.118 eV (95%) (TTTEEE+BAO+ PAN+ ⌧0p055). (4.4b)

A prior on H0 helps to break the degeneracy between
P

m⌫ and H0 in the Planck
data. In figure 8 we demonstrate the same. Addition of the R16 prior (H0 = 73.24 ±
1.74 km/sec/Mpc) leads to even stronger bounds than BAO data; TT+lowP+R16 yieldsP

m⌫ < 0.134 eV at 95% C.L., whereas with TTTEEE+lowP+R16 it is
P

m⌫ < 0.125 eV.
A very aggressive bound of

P
m⌫ < 0.091 eV for ⇤CDM +

P
m⌫ is obtained with

TTTEEE+BAO+PAN+R16+⌧0p055, while the bound with TT+BAO+PAN+R16+⌧0p055
is a bit relaxed at

P
m⌫ < 0.117 eV. These might be the most stringent bounds ever reported

in literature within the minimal ⇤CDM +
P

m⌫ model. However, note that in table 4, TT
+ R16 + ⌧0p055 yields a bound of

P
m⌫ < 0.121 eV, which shows us that BAO and PAN

do not contribute significantly above the combination of CMB+R16. One can visualize from
figure 5 that the R16 data prefers neutrinos with lower mass much more, due to the prefer-
ence of significantly higher values of H0 as shown in figure 6 and the strong anti-correlation
present between H0 and

P
m⌫ . However, as stated before, we need to be cautious with the

interpretation of such tight mass bounds, since they are driven by the large 3.4 � tension

– 14 –



Future: DESI, etc.

4 million LRGs

23 million ELGs

0.6 million Ly-A QSOs 
+1.4 million QSOs

BOSS

Planck + DESI BAO rms predicted neutrino mass error 79 meV (vs. 86 meV for BOSS) 



Neutrino suppression of power

0.11 eV Inverted

0.11 eV Normal

matter density than low-z measured ⇢m would suggest, and radiation density given by156

all standard model species.157

The current best measurements from cosmology are by the Planck cosmic microwave158

background (CMB) satellite combined with galaxy clustering baryonic acoustic oscilla-159

tion (BAO) distance scale measurements [2], and [3] from earlier CMB data combined160

with measurements of the power spectrum of absorption in quasar spectra by dark161

matter-tracing gas in the intergalactic medium (Ly↵ forest), both finding 95% confi-162

dence upper limits ⇠ 20 meV.163

P (k) /
⌦
|�k|2

↵
/ FT [h�(x)�(x+ r)i]164

Figure 1: Degenerate masses (green) vs. non-degenerate (red), given the current mass-
squared di↵erence measurements from Table 5. Each line shows the mass of one of the
neutrinos, plotted as a function of the sum of masses in each case (in the degenerate case
the two most massive neutrinos have almost indistinguishable mass on this plot). The gray
band shows a hypothetical measurement we might make of the sum of masses, which would
in this case rule out the inverted hierarchy.

For masses near the lower limit, the neutrinos are relativistic at the time of CMB165

last scattering.166

Note that measuring a sum of masses much greater than the minimum does not167

necessarily even rule out the normal hierarchy with minimal total mass of the three168

standard model neutrinos, if one is willing to consider an additional similarly light169

6

• Only at z~100 does a 50 meV 
neutrino finally become non-
relativistic. 

• Contribute to the subsequent 
background evolution as if they 
were dark matter.

• Don’t cluster except on very 
large scales.

• Mass perturbations are 
“underweight” and don’t grow 
as fast as they would for pure 
CDM. 

3 Statistical Measurement of the HierarchyDD116

4 Cosmology PMcD117

[PM: This is not intended to be finished.]118

4.1 Summary119

For realistically achievable precision, cosmological measurements can only determine120

the sum of neutrino masses. In the case where the hierarchy is normal with a sum of121

masses near the minimum, i.e., a sum of masses ⇠ 57 meV, decisive evidence for this122

should accumulate through the 2020’s as expected large-scale structure/gravitational123

lensing experiments including Euclid, LSST, MS-DESI(BigBOSS), etc. come online.124

However, if the sum of masses is at all above the minimum, it quickly becomes impos-125

sible to distinguish the normal from inverted hierarchy. This situation is illustrated in126

Figure 1. The minimal mass normal hierarchy is distinguishable because the minimum127

total mass in the inverted hierarchy is ⇠ 105 meV, so if for example ⇠ 60± 10 is mea-128

sured the inverted hierarchy can be ruled out, but if, e.g., ⇠ 100± 10 is measured we129

would not be able to tell the di↵erence between the two hierarchy cases. Fortunately,130

the relevant experiments are primarily motivated by dark energy studies, which have131

similar design and analysis requirements, so they will happen independent of neutrino132

science considerations.133

4.2 Introduction134

Future cosmology measurements should definitely detect the suppression of large-scale135

clustering due to the free-streaming of massive neutrinos. At late times they contribute136

to the background evolution of the Universe in the same way as cold dark matter137

(because their velocities are no longer large enough for their pressure to be significant),138

however, below their free-streaming scale structure in the neutrinos has been erased, so139

perturbations have a deficit of gravitational potential relative to what they would have140

for pure cold dark matter. Figure 2 shows the ratio of power for ⌃m⌫ = 0.105 eV to141

⌃m⌫ = 0.057 eV. Note that the suppression is largely accumulated from the past – the142

current velocities of the neutrinos shouldn’t be ignored for detailed calculations, but143

the ongoing suppression across the low redshift observable range is not the dominant144

e↵ect. Note that the fact that the massive neutrinos are missing from the radiation145

density at late times is irrelevant to the background evolution, as this radiation density146

is insignificant in any case.147

[PM: Following are basically a collection of notes that need to be organized.]148

Neutrinos with mass . 1 eV decouple while still relativistic, which means they have149

standard number density and their late-time energy density is simply this number times150

their mass [1].151

At late times and not too small masses (while you can ignore relativistic corrections152

to p = mv), vrms ' 3173 (1+z) (0.057 eV/m⌫) km s�1 (based on temperature 1.945 K).153

The neutrinos become non-relativistic when this vrms ⇠ c, i.e., znr ⇠ 94 (m⌫/0.057 eV).154

Above this redshift, the Universe was evolving as if it had slightly lower non-relativistic155

5
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peculiar velocity

(BOSS, Samushia et al. 2014)
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CMB optical depth degeneracy
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FIG. 8. Neutrino mass constraints for 90 million ⇠ELGs, 10 million ⇠LRGs per 14000 sq. deg., out to z < 3, vs. survey area
(i.e., the galaxy survey Fisher matrix is just scaled proportional to area). Weak ⌧ is ⇠0.01 prior, strong ⇠ 0.005, b⌘ means free
bias on RSD term.
[PM: Out of date, but basic point shouldn’t change. I believe this has only ¡ Planck CMB.]

TABLE IX. Forecasts for minimal parameter set plus MoG parameters, with notation similar to Table ??. Note that gravity
modification is not applied to CMB lensing.

!m !b ✓s ⌃m⌫ log10(A) ns T/S ⌧ �� G9

value 0.14 0.022 0.60 0.060 �8.7 0.97 0.0 0.066 0.0 1.0

multiply it by G2
9 (G9 ⌘ 1 for GR, respecting commentary by [9]).

Fig ?? and [PM: eventually] Table IX shows MoG constraints assuming a flat Universe with cosmological constant
Dark Energy.

A. non-Gaussianity
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No wonder it is hard to 
measure suppression shape!

6 25. Neutrinos in cosmology

Figure 25.2: Ratio of the CMB CTT
ℓ and matter power spectrum P (k) (computed

for each model in units of (h−1Mpc)3) for different values of
∑

mν over those
of a reference model with massless neutrinos. In order to minimize and better
characterise the effect of

∑

mν on the CMB, the parameters that are kept fixed are
ωb, ωc, τ , the angular scale of the sound horizon θs and the primordial spectrum
parameters (solid lines). This implies that we are increasing the Hubble parameter
h as a function of

∑

mν . For the matter power spectrum, in order to single out
the effect of neutrino free-streaming on P (k), the dashed lines show the spectrum
ratio when {ωm, ωb, ΩΛ} are kept fixed. For comparison, the error on P (k) is of the
order of 5% with current observations, and the fractional Cℓ errors are of the order
of 1/

√
ℓ at low ℓ.
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Projections

CMB-S4 following arXiv:1610.02743, ~2029+

LSST following Schaan et al. (2017), 2022-2032
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TABLE II. Projected error on ⌃m⌫ , in meV.

�⌧

surveys 0.008 0.004 0.002

Planck+DESI BAO 78 77 77
Planck+DESI 29 20 18
CMB-S4+DESI 26 17 13
CMB-S4+DESI+LSST 23 15 11
CMB-S4+MegaMapper 23 14 11
CMB-S4+LSST+MegaMapper 21 13 9.9

TABLE III. Projected error on N⌫,e↵ .

surveys �N⌫,eff

Planck+DESI 0.077
CMB-S4 0.036
CMB-S4+DESI 0.030

Extensive recent: [33]
With CORE giving �⌧ = 0.002 [34], DESI/Euclid z-survey and Euclid lensing, get 16-14 [10]. Talk about getting

better ⌧ with 21cm.
Simons Observatory [35] 31-33 with �⌧ = 0.01 17-22 with �⌧ = 0.002 (with DESI BAO).
Zhu & Castorina claim unique signature in bispectrum, not competitive for DESI even if you believe them, although

might be a sign that a more careful higher order calculation could improve over power spectrum.
[36] don’t do neutrinos but find bispectrum doesn’t help much with Dark Energy type things.
[37] find bispectrum helps some for LSST but don’t include CMB.
Percival has MSE getting silly (8 meV) constraints.
Projections with free w(z): [38].
Projections with N⌫,e↵ , maybe w: [39].
Projections with CMB-S4+LSST [40]

A. Optical depth

CLASS [41] �⌧ ⇠ 0.0029� 0.0035. Running since ⇠ 2016, installed more bands 2018, first finished survey 2021 [42].
https://sites.krieger.jhu.edu/class/

BFORE balloon [43, 44]. �⌧ ⇠ 0.0036. ⇠ 2021 but not clear real.
LiteBIRD http://litebird.jp/eng/ (2028 launch?).
PICO [45] �⌧ = 0.002, launch 2029.
Small-scale CMB constraints on reionization: [46], �⌧ ⇠ 0.003 � 0.004, not sure how sensitive to model for reion-

ization.
CMB-S4 SZ clusters, LSST mass calibration, DESI BAO, [47] find ⇠ ±15meV with �⌧ = 0.006, ⇠ 8meV with

�⌧ = 0.002.
[48] degeneracy with variations in Dark Energy

TABLE IV. Projected error on ⌃m⌫ marginalized over other parameters, for CMB-S4+DESI.

�⌧

marginalized 0.008 0.004 0.002
— 26 17 13
N⌫,e↵ 29 17 14
�s 27 17 13
⌦k 40 24 20
w(z) 52 40 37

Fisher matrix calculations similar to  Font-Ribera et al. (2014) 

DESI following arXiv:1611.00036, 2020-2025+  

MegaMapper: arXiv:1907.11171, 2029?? (100m galaxies 2<z<5) 

Euclid would be like somewhat more DESI and somewhat more LSST

(S3 Simons Observatory)



Optical depth 
improvements?

• CMB measurement comes from low-l polarization, hard to 
do from ground.


• CLASS is a ground-based experiment aimed at this, 
which is running and hopes to achieve better than 0.004 
(Watts et al. 2018)


• BFORE balloon hopes to do something similar flying in 
2021 (Bryan et al. 2018)


• LiteBIRD satellite could achieve cosmic variance limit 
~0.002, launching in ~2028 (see also COrE, PICO)



Dark Radiation
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TABLE II. Projected error on ⌃m⌫ , in meV.

�⌧

surveys 0.008 0.004 0.002

Planck+DESI BAO 78 77 77
Planck+DESI 29 20 18
CMB-S4+DESI 26 17 13
CMB-S4+DESI+LSST 23 15 11
CMB-S4+MegaMapper 23 14 11
CMB-S4+LSST+MegaMapper 21 13 9.9

TABLE III. Projected error on N⌫,e↵ .

surveys �N⌫,eff

Planck+DESI 0.077
CMB-S4 0.036
CMB-S4+DESI 0.030

Extensive recent: [33]
With CORE giving �⌧ = 0.002 [34], DESI/Euclid z-survey and Euclid lensing, get 16-14 [10]. Talk about getting

better ⌧ with 21cm.
Simons Observatory [35] 31-33 with �⌧ = 0.01 17-22 with �⌧ = 0.002 (with DESI BAO).
Zhu & Castorina claim unique signature in bispectrum, not competitive for DESI even if you believe them, although

might be a sign that a more careful higher order calculation could improve over power spectrum.
[36] don’t do neutrinos but find bispectrum doesn’t help much with Dark Energy type things.
[37] find bispectrum helps some for LSST but don’t include CMB.
Percival has MSE getting silly (8 meV) constraints.
Projections with free w(z): [38].
Projections with N⌫,e↵ , maybe w: [39].
Projections with CMB-S4+LSST [40]

A. Optical depth

CLASS [41] �⌧ ⇠ 0.0029� 0.0035. Running since ⇠ 2016, installed more bands 2018, first finished survey 2021 [42].
https://sites.krieger.jhu.edu/class/

BFORE balloon [43, 44]. �⌧ ⇠ 0.0036. ⇠ 2021 but not clear real.
LiteBIRD http://litebird.jp/eng/ (2028 launch?).
PICO [45] �⌧ = 0.002, launch 2029.
Small-scale CMB constraints on reionization: [46], �⌧ ⇠ 0.003 � 0.004, not sure how sensitive to model for reion-

ization.
CMB-S4 SZ clusters, LSST mass calibration, DESI BAO, [47] find ⇠ ±15meV with �⌧ = 0.006, ⇠ 8meV with

�⌧ = 0.002.
[48] degeneracy with variations in Dark Energy

TABLE IV. Projected error on ⌃m⌫ marginalized over other parameters, for CMB-S4+DESI.

�⌧

marginalized 0.008 0.004 0.002
— 26 17 13
N⌫,e↵ 29 17 14
�s 27 17 13
⌦k 40 24 20
w(z) 52 40 37
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TABLE I. Projected error on ⌃m⌫ , in meV.

�⌧

surveys 0.008 0.004 0.002

Planck+DESI BAO 78 77 77
Planck+DESI 29 20 18
CMB-S4+DESI BAO 28 18 15
CMB-S4+DESI 26 17 13
CMB-S4+DESI+LSST 23 15 11
CMB-S4+MegaMapper 23 14 11
CMB-S4+DESI BAO+LSST 24
CMB-S4+LSST 27
CMB-S4+LSST+MegaMapper 21 13 9.9
CMB-S4 65
Planck+LSST 37

A. Scale-dependent bias

[19] run sims with m⌫ = 50 meV but N⌫ = 28, so f⌫ = 0.1. [PM: Isn’t the suppression e↵ect of neutrinos in this
case huge? Should run CLASS.] [6] show suppression not as large as I might have guessed, ⇠ 0.75 for k = 0.05 Mpc�1

compared to much lower k, for z ⇠ 0� 50 evolution (at which point I wonder what fraction of total suppression this
is).

Another paper is [20]

III. CURRENT

BOSS 1.2 million galaxies at z < 0.75.
[21] maybe most updated. Give ⌃m⌫ = 58.85+0.45

�0.44 and 99.50+0.70
�0.67 meV for normal and inverted hierarchy. 121, 146,

172 for degenerate with ⌃m⌫ > 0, NH, IH, respectively (degenerate with minimum ⌃m⌫ in prior gives 149, 179, i.e.,
di↵erence mostly just this prior). This is 95%, Planck 2018 TTTEEE+lowE+ lensing+BAO. Planck lensing not very
important to this. For ⌃m⌫ > 0 case, find < 186 with free w, < 249 with free w0, w0, < 96 with w0, w0 but constraint
w(z) > �1 (data prefers models where w(z) goes < �1). < 293 with free ALens, < 150 with free curvature.

[22] Planck SZ cluster counts, as with X-ray clusters, give very low �8 for standard cluster mass calibration, which
can give very high significance detection of neutrino mass (0.7 ± 0.15eV) if this calibration is fixed, but solution in
which the calibration is free to be lower is greatly favored and in this case neutrino mass constraint is not significantly
a↵ected. Other things like w(z) and MoG aren’t much better, i.e., changed calibration is preferred. [23] don’t seem
optimistic about SZ clusters.

Planck paper [24] 95% ⌃m⌫ < 241meV, < 120 with BAO. N⌫,e↵ = 2.99+0.34
�0.33 with BAO (95%, similar without).

(1� would be approximately N⌫,e↵ = 2.99± 0.17) CMB measures this by Hubble rate change changing ratio of sound
scale to damping scale. (is it just straight travel / H

�1, random walk / H
�1/2?)

[5] Planck 2015 plus 2016 ⌧ update plus BOSS DR12 BAO [25] plus Pantheon SN. ⌃m⌫ < 152 meV at 95%
confidence without high-` polarization, < 118 meV with it, in minimal ⇤CDM. Don’t include Planck 4pt lensing.
Sometimes also full shape. Note that o�cial BOSS found < 160 meV from Planck+BAO+FS [25].

[26] ⌧ = 0.055± 0.009. Planck TT constrains Ase
�2⌧ , meaning �As/As ⇠ 2�⌧ .

[27] recent constraints including demonstration that only sensitive to sum.
[28] constraints in various parameter combinations.
[29] emphasize upper limits with di↵erent hierarchy assumptions, but don’t include BAO.

IV. PROJECTIONS

Planck+DESI BAO 78 meV, BOSS is 86(?).
LSST following [30] 2022-2032 using 26 per sq. arcmin over 18000 sq. deg.
CMB-S4 following [31], ⇠ 2029.
MegaMapper [32]. A 6.5-m Magellan telescope with 20000 fibers to DESI-like spectrographs, at Las Campanas

Obervatory. ⇠ 100 million galaxies 2 < z < 5. ⇠ 2029.

current Planck:



Extra Parameters

4

TABLE II. Projected error on ⌃m⌫ , in meV.

�⌧

surveys 0.008 0.004 0.002

Planck+DESI BAO 78 77 77
Planck+DESI 29 20 18
CMB-S4+DESI 26 17 13
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TABLE III. Projected error on N⌫,e↵ .

surveys �N⌫,eff

Planck+DESI 0.077
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CMB-S4+DESI 0.030

Extensive recent: [33]
With CORE giving �⌧ = 0.002 [34], DESI/Euclid z-survey and Euclid lensing, get 16-14 [10]. Talk about getting

better ⌧ with 21cm.
Simons Observatory [35] 31-33 with �⌧ = 0.01 17-22 with �⌧ = 0.002 (with DESI BAO).
Zhu & Castorina claim unique signature in bispectrum, not competitive for DESI even if you believe them, although

might be a sign that a more careful higher order calculation could improve over power spectrum.
[36] don’t do neutrinos but find bispectrum doesn’t help much with Dark Energy type things.
[37] find bispectrum helps some for LSST but don’t include CMB.
Percival has MSE getting silly (8 meV) constraints.
Projections with free w(z): [38].
Projections with N⌫,e↵ , maybe w: [39].
Projections with CMB-S4+LSST [40]

A. Optical depth

CLASS [41] �⌧ ⇠ 0.0029� 0.0035. Running since ⇠ 2016, installed more bands 2018, first finished survey 2021 [42].
https://sites.krieger.jhu.edu/class/

BFORE balloon [43, 44]. �⌧ ⇠ 0.0036. ⇠ 2021 but not clear real.
LiteBIRD http://litebird.jp/eng/ (2028 launch?).
PICO [45] �⌧ = 0.002, launch 2029.
Small-scale CMB constraints on reionization: [46], �⌧ ⇠ 0.003 � 0.004, not sure how sensitive to model for reion-

ization.
CMB-S4 SZ clusters, LSST mass calibration, DESI BAO, [47] find ⇠ ±15meV with �⌧ = 0.006, ⇠ 8meV with

�⌧ = 0.002.
[48] degeneracy with variations in Dark Energy

TABLE IV. Projected error on ⌃m⌫ marginalized over other parameters, for CMB-S4+DESI.

�⌧

marginalized 0.008 0.004 0.002
— 26 17 13
N⌫,e↵ 29 17 14
�s 27 17 13
⌦k 40 24 20
w(z) 52 40 37
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Summary

• Current constraints come from Planck+BAO 




• Future constraints ~20 meV rms will come from free 
streaming suppression of power, through RSD and/or 
lensing, with the achievable level driven by the CMB 
optical depth measurement, because they are driven by 
late time power normalization, not power spectrum 
shape.
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Annoyingly non-simple 
maximum k

• Wanted to somewhat realistically 
account for fact that non-linearity is 
less of a problem at high z, and for 
lower bias objects.


• Cut on observable fluctuation 
amplitude, including z dependence and 
angle dependence (radial modes have 
higher amplitude so lower max k).


• Additionally have tracer-independent, 
Lagrangian displacement-inspired z 
and angle-dependent cut.


• Also, Seo & Eisenstein signal damping 
factors (e.g., makes BAO within 
broadband consistent with isolated 
BAO).

29

IX. NON-LINEARITY CUTOFF

We want to be somewhat realistic about how much extra information there could be at higher z due to reduced
non-linearity. We cut modes with �2(k, z) < 1, where �2(k, z) is the power per unit ln k for the galaxies in question,
including bias and redshift space distortions. This is motivated (as discussed again below) by the idea that the level of
non-linearity really should be related to the actual level of fluctuations relative to the mean in the observable, i.e., we
can’t have � < �1, so non-linearity must inevitably enter when �2(k) & 1 regardless of *why* this is. This tends to
disfavor high bias objects, and radial modes. We also include S&E signal damping factors as described around Eq. A3.

We finally include a sharp kmax(z, µ) cuto↵ following the formula
q⇥

kk (1 + f (z))
⇤2

+ k2? [D (z) /D (0)] < 0.2 hMpc�1

where f(z) = d lnD/d ln a, i.e., kmax increases like D�1(z) at high z. The cut is tighter on radial modes which have
additional redshift displacement.

Figure 28 shows an example Fisher derivative, in particular to show the relative e↵ect of the �2(k) cut on ELG
and LRG-bias objects, and radial vs. transverse.

FIG. 28. Derivative of tracer power with respect to sum of neutrino masses, at z = 1.55 (for a case where there are some
LRG-bias objects at all z). The solid lines stop at the �2(k) < 1 cuto↵ that we use for Fisher calculations (which is much
more stringent for high bias). The dotted lines show the object-independent maximum k, which has no impact in this case.
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